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Abstract 
D.E. Cohen has recently shown that certain properties of graph products (specifically, the 
type of isoperimetric function as well as certain finiteness properties) are similar to those 
satisfied by the vertex groups. In this paper we obtain converses of D.E. Cohen’s results, thus 
characterizing the above-mentioned properties of a graph product in terms of the analogous 
properties of its vertex subgroups. 
0. Introduction 
Let r be a finite simplicial graph, with vertices ol, . . , v,. Suppose that to each 
vertex vi we have assigned a nontrivial group Gi. Then the graph product GT is defined 
to be the quotient of the free product ul= 1 Gi by the normal subgroup generated by 
all [Gi, Gj] for which {Vi, Vj} is an edge of r. In two recent papers D.E. Cohen [7, S] 
has proved the following results: 
Theorem. GT has an isoperimetric function of degree k > 1 (or an exponential 
isoperimetric function) if each vertex group has such an isoperimetric function. 
Theorem. Let the vertex groups of GT all be FP, (f or any n I cj), ofjnite cohomologi- 
cal dimension, or FP. Then Gr has the same property. 
In this note we make these results more precise. We prove (see below for unex- 
plained terminology): 
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Theorem 1. Let GT he as above. Then 
(i) ifall the v er ex t groups are polynomial and for some i, deg(Gi) 2 2, then GT is 
polynomial and deg(GT) = max{deg(Gi) ) i = 1,. . , m}. 
(ii) Iffor all i deg(Gi) = 1, then 1 < jscT < 2. 
(iii) If P contains an edge {vi, vj} with Gi, Gj polynomial, infinite groups, then 2 < do,.. 
(iv) 6c, is exponential if and only if max{60i 1 1 I i I m] is exponential. 
In the case of finiteness properties, we prove the converse of Cohen’s result, and 
include statements about properties F, and geometric finiteness (the definitions are 
recalled in Section 3 below). We also construct a K(GT, 1)-complex from given 
K(Gi, 1) complexes. We prove (cf. Corollaries 7-9 and Proposition 3 below): 
Theorem 2. Suppose given a graph product GT, and let 1 I n I a. Then GT is FP,,, F,,, 
offmite cohomological dimension, or FP, if and only if the same is true for each vertex 
group. Moreover, GP is geometricallyjnite if each vertex group is geometrically finite. 
1. Preliminaries 
Suppose r and the vertex groups Gi are given. If A is a full subgraph of r there is an 
obvious homomorphism GA + GT which is an inclusion (see Lemma 1 below). We 
always assume that the Gi are finitely generated (this is equivalent to saying that GT is 
finitely generated, by Lemma 1 below) and fix a finite set of generators Si for Gi. Then 
for a full subgraph A of r with vertices tii,, . . , I/‘ik, we fix the generating set Si, u ... u Si, 
for GA. 
(a) Quasi-retractions. Given metric spaces (X, d) and (X’,d’) recall that a (not 
necessarily continuous) function f: X + X’ is (C, D)-Lipschitz if there are constants 
C 2 1 and D 2 0 such that for all x, y E X, d’( f (x), f (y)) I Cd(x, y) + D. We say [3] 
that X is a quasi-retract of X’, and write X < X’, if there exist (C, D)-Lipschitz 
functions X 5 X’ I-, X such that for all x E X, d(ri(x), x) I D. This can be thought of 
as a generalization of quasi-isometry. Indeed, if X and X’ are quasi-isometric, then 
X<X’and X’<X. 
We apply this to finitely generated groups in the usual way: a finite generating set is 
used to turn the group into a metric space. Explicitly, suppose that G is a group and 
A is a finite set of semigroup generators not containing the identity. We use A to define 
a metric in G by setting d(g, h) := Ig-‘hlA, where (-iA is the word length in G with 
respect to A. Then (G,d,) is a metric space on which G acts by isometries (by left 
translation). Given finitely generate groups G and G’, we say [3] that G is a quasi- 
retract of G’, and write G < G’, if (G, dA) < (G’, dA,) for some choice of finite generat- 
ing sets A s G and A’ E G’. By Lemma 4 of [3] quasi-retraction is preserved by 
quasi-isometries; in particular, then the definition is independent of the chosen 
generating sets. The main examples of quasi-retractions in the group case are “honest” 
retractions (as in Lemma 1 below), and quasi-isometries. 
The following result will be basic. 
J.M. Alonso/Journal of Pure and Applied Algebra 107 (I 996) Y-1 7 II 
Lemma 1. If A is a full subgraph of r, then the inclusion map i: GA-GT admits 
u retraction (i.e. there is a homomorphism r: GT + GA with ri = id,,). 
Proof (Cohen [7,8]). Map the vertex group Gi trivially if i$A, and by the natural 
map (i.e. the inclusion of the free factor into the free product, followed by the 
natural projection to GA) if i E A. This gives a map from the free product to GA, which 
clearly factorises through GT. This provides the desired map r. This completes the 
proof. 0 
(b) Admissible inclusions. Recall [2] that an inclusionf: Ac, G is called admissible 
(with respect to generating sets SA c A, S c G and ,f(S,) G S) if there is a right 
transversal T (containing 1) to A in G such that 
for all a E A, t E T. Here )-I denotes the length function in each group, corresponding 
to the given sets of generators. What is important for us is that iffis admissible then 
A is isometrically embedded in G, in the sense that lalA = I f(a)lG for all a E A. In the 
next result, admissibility is with respect to the generating set fixed above. 
Lemma 2 (Chiswell[6]). !fA is afill subgraph oJ‘r, then the inclusion map GA -+ GT is 
udmissible. 
2. Dehn functions 
Our basic reference on Dehn functions is [I]. For the convenience of the reader and 
to fix notation, we recall some definitions. Given nondecreasing functions 
,f: y : N \,{O> + (0, ‘E), we write f< g if there are non-negative constants A, B and 
C such thatf(n) I Ag(Bn) + Cn. We say thatf, g are of the same type and we write 
f’= y if,f< g and g <$ The class off is denoted [f]. Observe also that the order 
relation descends to the equivalence classes, so that the expression [f’] < [g] is 
meaningful. 
Given finitely presented group G, the Dehn (or isoperimetric) function of the group, 
&, is defined to be Ijc = [S,], where 6, is the Dehn function of some finite presenta- 
tion B of G. This is independent of the quasi-isometry class of G and hence. in 
particular, of the chosen presentation [l, Corollaries 4.1 and 4.21. 
Although quasi-retractions are not explicitly defined in [l], the main result in that 
paper states (cf. [ 1, proof of Theorem 2.21) that given two Dehn complexes X and Y. if 
X < Y then 6X < &. When applied to finitely presented groups (via the universal 
cover of the 2-complex of a finite presentation 9) this gives: 
Theorem 3 (Alonso Cl]). IfH is a quasi-retract of G, then 6, =$ (5,. 
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In the rest of this section we assume that GT is finitely presented; by Corollary 9(ii) 
below, this is equivalent to the assumption that each Gi is finitely presented. Combin- 
ing Theorem 3 with Lemma 1 we have: 
Corollary 1. Zf A is a full subgraph of r then ~3~~ =$ 6or. 
In particular, dc, < 6or for each vertex group Gi. Hence (using Lemma 3(iii) below) 
max{6,,li= l,..., m}<6,,. 
Recall [4] that deg(G) = k if & = [n H n”]. We say that G is polynomial if there is 
a k 2 1 such that deg(G) = k. Expressions like [f] < [n E+ n”] will be shortened to 
[f] < k. Also, we set max{ [ f], [g]} = [ max { J; g}]; this is well defined by Lemma 
3(ii) below. 
Corollary 2. Suppose that each Gi is polynomial and that, for some j, deg(Gj) 2 2. Then 
GT is polynomial and 
deg(GT)=max{deg(Gi)ji= l,...,m). 
Proof. Let k equal the right-hand side in the above equation. Then k 2 2 and by 
Cohen’s theorem, ScT + k. The other inequality, k < 6or, is contained in Corollary 1. 
Thus GT is polynomial and deg(GT) = k, as was to be proved. 0 
Corollary 3. If r contains an edge {vi, Uj} with Gi, Gj polynomial, infinite groups, then 
2< 6GT. 
Proof. In this case the graph A consisting of the given edge and its two vertices is a full 
subgraph of r and, moreover, GA = Gi x Gj. By Corollary 1, 6&, < fiGT, and by 
Corollary 2.5 of [4], GA is polynomial and deg(GA ) = max{deg(GJ, deg(Gj), 2). This 
completes the proof. 0 
Remark. The converse of Corollary 3 is false. For instance, let r consist of 3 vertices 
and 2 edges, with v2 the middle vertex. Let G, = G, = Z/2 and G2 = Z (so that I- has 
no edge as in Corollary 3). Then GT = Z x (Z/2 * Z/2) and dGr = 2 (use [4, Corollary 
2.51 and the fact that, Z and Z/2 *Z/2, being virtually free, are hyperbolic or, 
equivalently, have Dehn function = 1). 
We say thatf:N\{O} -(O, cc IS exponential if exp, <JT where exp,(n) = (x” and ) 
x > 1 is some real number. If 8G is exponential, we abuse language and call 
G itself exponential. We need the following technical lemma to prove Proposition 
1 below. We use pm to denote a polynomial of degree m which is nondecreasing on 
N\(O). 
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Lemma 3. The following relations among nondecreasing functions N \{O} -+ (0, a) 
hold: 
(i) Iff< max [g, h}, then max{ S,f’} < max(g, h,f’). 
(ii) Iff=Q”‘, then max{ f, g} < max { f’, g}. 
(iii) Iff< h and g < h, then max{ f’, g} < h. 
(iv) For all ,f and g, f<f. g. 
(v) !f’f< g and g(n) 2 D’nfor some D 2 1, then pl .f< pi .g. 
Proof. We prove only (v) and leave the rest to the reader. Suppose that 
f(n) I Ag(Bn) + Cn. Then pI( I Ap,(n)g(Bn) + (C/D)pI(n)g(n) and using the 
fact that both g and p1 are nondecreasing, we get pr (n) ,f(n) I (A + C/D)p, (Bn)g(Bn). 
This concludes the proof. 0 
Proposition 1. If r has m vertices, then 
max (6~) 46~~~ p Y 
I<i$rn ’ 
4 ( 01 nomial of degree m). max { &, i 
1 sism 
Proof. The first inequality is contained in Corollary 1. The proof of the second 
inequality is by induction on m, the result being trivial for m = 1. Assume the result is 
true for graphs with fewer than m 2 2 vertices. Let 0 be the full subgraph of r with 
vertices L’ ,, . , II,_ 1. One then has Green’s decomposition 
Gl- = (G, x GIZ) *Gr, GO, (1) 
where I7 is the subgraph of r generated by all vertices of r adjacent to v,. We bound 
first the Dehn functions of the factors: 
(by [4, Corollary 2.51 and Lemma 3(i)) 
d max{h6Gnz,6G@\i ( Corollary 1 and Lemma 3(ii)) 
(by induction and Lemma 3(i)) 
<pm-r.max{6,,1 1 I i I m}\, (Lemma 3(iii)). 
To obtain the last inequality we use the fact that since m 2 2, and max{6G,} is at least 
linear, we can use Lemma 3(v) to obtain pz <pm-r. max{dc,J. Similarly, 
pm<pPm-l.max{6G,), and 6 G,<max{6G,Il 5 i<m}<p,_l’max{fiG,( 1 <is m). 
The inclusion GII - G, x Gil is admissible by Corollary 3 of [2], and 
the inclusion GII c, GO is admissible by Lemma 2. We can then apply 
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Proposition 3.5 of [4] to (1) (since all groups in question are finitely presented, cf. 
Corollary 9 below), to conclude that 
6~~~~1.max16~(;.,.~,~),6~~3 [4; Proposition 3.51 
< p1 .(p,- 1 .max{& 11 I i I m}) (Lemma 3(v)) 
=p,.max(iSG,J1 IiSm). 
This establishes the proposition. 0 
Corollary 4. GT is exponential if and only if there is x > 1 suck that 
exp, < maxi 5 i 5 m {&,i. 
Corollary 5. If some 6, is exponential, then so is bGr. 
Remark. I had hoped the converse of Corollary 5 would hold, but I do not know if 
this is true. 
Proof of Theorem 1. (i) is Corollary 2. The first inequality in (ii) holds for any Dehn 
function; the second inequality follows from the following: 
Claim. Given (r, Gi) with deg(Gi) = 1, we can find (r’, Cl) sack that Gi < Cl and 
deg(GI) = 2. Moreover, GT < GT’. 
Proof of the claim. We let r’ := r, and Gi := Gi x Z (if Gi is infinite), and GI := Gi x Z2 
(if Gi is finite). Clearly, Gi < GI, and deg(GI) = 2 by Corollary 2.5 of [4]. TO see that 
GT is a retract of GT’, one checks easily that the inclusions Gi - Cl (resp. retractions 
Gf --fk Gi) give homomorphisms of the free products which induce the desired inclusion 
GT c, GT’ (resp. retraction GT’+> GT). This completes the proof of the claim. 0 
Now using the claim, Theorem 3 and Corollary 2, we have 
bcr=$6G,S=$max{6,;) =2. 
Finally, (iii) is Corollary 3, and (iv) is Corollary 4. The proof of the theorem is 
complete. 0 
3. Finiteness conditions 
In this section we prove Theorem 2. The main tool we use is the following result: 
Theorem 4 (Alonso [3]). Suppose that G is a quasi-retract of H, and let n 2 2. Then 
(i) if H is of type FP,,, then so is G, 
(ii) if H is of type F,,, then so is G. 
JM. AlonsolJournal of Pure and Applied Algebra 107 (1996) Y-17 15 
Recall that a group H is said to be of type F, (1 I n I co) if there exists an 
Eilenberg-MacLane complex K(H, 1) withfinite n-skeleton. Thus Fi is equivalent to 
finite generation, and F2 to finite presentation. By results of Eilenberg-Ganea and 
Wall (cf. Theorem 7.1 of [5, Chapter VIII]), a group is of type F, (for n 2 2) if and only 
if it is finitely presented and of type FE’,. H is said to be geometricallyfinite if there is 
a finite K(H, 1). 
We begin by constructing a K(GT, 1). Suppose given CW-complexes 
Xi (i = 1, . . . ,m) of type K(Gi, 1). We use induction on the number of vertices of the 
underlying graph. For the graph consisting of the single vertex Ui, we set Y := Xi. 
Suppose we know how to construct a K(GT,, 1) for every graph having k vertices. Let 
r k+l be a graph with vertices zjl, . . . , ok+ 1 and associated vertex groups Gi. Suppose 
that rk is the full subgraph of rk + 1 generated by vi, . . , uk. By Green’s decomposition, 
Grk+, =(Gk+ixGn)*GnGr,, 
where II is the full subgraph generated by all the vertices of rk+ 1 adjecent to vk+ i. By 
induction, Yk = K(Grk, 1) and P = K(GI7,l) are already constructed. We can then 
find a map f: P -+ Yk inducing the inclusion Gil “-f Grk in homotopy. By the 
mapping cylinder construction, we can replacefwith an inclusion map P C+ MC(f). 
where MC(f) denotes the mapping cylinder off: 
for all x E P. By fixing a base point in X k+ I x P (and in P), we obtain a unique 
inclusion map including GncrGk+ i x GII in homotopy. We then set 
Y k+l :=(x,+1 x PIUP MC(f). 
Then Yk+ 1 is a CW-complex which, by theorems of van Kampen and Whitehead, is 
a K( Gr, + 1, 1) complex. This completes the construction. Summarizing: 
Proposition 2. Starting from arbitrary K(Gi, 1)-complexes Xi, the construction above 
yields a CW-complex X of type K(GT, 1). 
Remark. D.E. Cohen remarks (private communication) that one can avoid using the 
mapping cylinder and that, moreover, one can give an inductive construction of 
a functor from the category of finite graphs of (vertex) groups and inclusions, to the 
category of complexes and inclusions associating to (r, Gi) a corresponding Eilen- 
berg-MacLane complex K(GT, 1). The interested reader may find Exercises 3 and 
4 on pp. 18-19 of [5] useful. 
Corollary 6. Let X and Xi be as in Proposition 2. Then the dimension of X is bounded as 
,follow.s: 
dim q Xi = maxidim Xi> I dim X I f dim Xi = dim fi Xi . 
i=l i=l i=l 
16 J.M. Alonso/Journal of Pure and Applied Algebra 107 (1996) 9-17 
Proof. By induction. The result is clear for m = 1. Suppose it is true for graphs with 
k vertices. We use the notation above, and assume that II has vertices ui,, . , Vi,. Then 
dimK(GTk+,, 1) I max{dim(Xk+l xP),dim Y,,(dimP) + 1) 
I max {dim X, + I + dim P, dim Y, > 
I max{dimX,+, + dimXi, + ... + dimXi,, 
dimX, + ... + dimX,} 
lC+1 
I C dimXi, 
i=l 
where we have used both induction and the fact that dim Xi 2 1 (true because no Gi is 
trivial). This completes the proof. 0 
Corollary 7. Set /i := cd Gi ij’cd Gi # 2, and ei := 3 if cd Gi = 2. Then 
max{cdGi} I cdGT I f ei. 
i=l 
Proof. We can always find a K(Gi, 1) of dimension CL. 0 
Remark. These inequalities and the definition of ei are a limitation of our topological 
method. It has to do with the Eilenberg-Ganea problem: if cd H = 2, is there 
a K(H, 1) of dimension 2? (there is always one of dimension 3). Using Cohen’s 
homological methods, one should get cd GT = max{cd Gi}. 
Corollary 8. GT has finite cohomological dimension if’ and only if each Gi has finite 
cohomological dimension. 
Corollary 9. (i) GT is finitely generated if and only if each Gi is jnitely generated. 
(ii) GT is finitely presented if and only if each Gi is$nitely presented. 
Proof. (i) That each Gi is finitely generated follows directly from Lemma 1. The 
converse is immediate from the definition of GT. 
(ii) This is contained in Proposition 3(ii) below. 0 
Proposition 3. For n 2 2 we have; 
(i) GT is of type FP,, if and only if so is each Gi. 
(ii) GT is of type F, if and only if so is each Gi. 
(iii) GT is of type FP if and only if so is each Gi. 
(iv) GT is geometrically finite if each Gi is geometrically $nite. 
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Proof. (i) ( =x) Immediate consequence of Lemma 1 and Theorem 4. The converse 
follows from Cohen’s theorem [S]. 
(ii) ( 3 ) Lemma 1 and Theorem 4. The converse follows from Proposition 2, for we 
can choose each Xi to have finite n-skeleton, and the construction of X shows clearly 
that its n-skeleton is finite. 
(iii) Recall that a group is of type FP if it is of type FP, and has finite cohomologi- 
cal dimension (see e.g. [IS]). Thus (iii) follows from (i) and Corollary 8. 
Finally, the proof of (iv) follows directly from the construction in Proposition 2. 
This completes the proof of the proposition. 0 
Remarks. (1) 1 do not know whether the converse of (iv) is true. This is related to the 
open problems about property FL mentioned in [S]. (2) Part (ii) (for n = 2) and (i) in 
Proposition 3 also appear in [lo]. 
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